On the influence of centerline strain on the stability of a bimorph piezo-actuated microbeam  by Abedinnasab, M.H. et al.
Scientia Iranica B (2011) 18 (6), 1246–1252
Sharif University of Technology
Scientia Iranica
Transactions B: Mechanical Engineering
www.sciencedirect.com
On the influence of centerline strain on the stability of a bimorph
piezo-actuated microbeam
M.H. Abedinnasab a, A. Kamali Eigoli a, H. Zohoor b,c,∗, Gh. Vossoughi b
a School of Mechanical Engineering, Sharif University of Technology, Tehran, P.O. Box 11155-9567, Iran
b Center of Excellence in Design, Robotics and Automation, Sharif University of Technology, Tehran, P.O. Box 11155-9567, Iran
c The Academy of Sciences of I.R. Iran, Tehran, P.O. Box 19735-167, Iran
Received 4 September 2010; revised 8 August 2011; accepted 17 September 2011
KEYWORDS
Centerline strain;
Euler–Bernoulli beam
theory;
Microbeam;
Bimorph piezo-actuation;
Stability.
Abstract The nonlinear equation of motion for pre-stretched Euler–Bernoulli beams is derived. The effect
of pre-tension and pre-compression in Euler–Bernoulli beams is studied. It is shown that compressive
strain affects the bending stiffness much more than tensile strain. Based on the derived equation, the
dynamic model of bimorph piezo-actuated beams, which is accurate, yet simple, is then developed.
Afterwards, the critical voltage, which makes the piezo-actuated microbeam unstable, is numerically
investigated. It is shown that the strain of the centerline is proportional to the beam’s aspect ratio squared.
Results show that the more the aspect ratio, the less the critical voltage. In addition, it is illustrated that
compared to the cantilever microbeam, the doubly-clamped microbeam is more sensitive to the changes
in the aspect ratio.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
The great interest in possible application areas of miniatur-
ization results in the emergence of many newmicro- and nano-
scale actuators [1,2]. As a result, resolving the problems arising
in this field are very topical [3,4]. Since piezoelectric materials
are able to generate very precise small motions, they are well
suited for microactuator applications. Besides, one significant
characteristic of piezoelectric actuators is high force transmis-
sion,which is due to an inherent high stiffness, as demonstrated
in [5].
Piezoelectric actuators are utilized in different configura-
tions, such as single plates, bimorphs, or layered structures. The
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Open access under CC BY-NC-ND license.single plate type is not used in miniature applications because
it demands high voltage. On the other hand, the bimorph plates
experience large displacements, but with low output force [2].
Therefore, bimorph piezoelectric actuators have been adapted
to an impressive range of applications; active vibration control,
grasping devices, legged microrobots, etc. [3,5–10].
In this paper, we investigate the instability of flexible beams
covered by bimorph piezoactuator plates. Stability analysis
of a column fixed at one end and subjected to a tangential
compressive (or follower) force at the free end is a classical
problem, which has attracted considerable interest [11–13]. In
nonconservative systems, buckling is divided into two distinct
categories; divergence and flutter [14]. Divergence happens at
zero frequency, while flutter happens when two eigen frequen-
cies combine [14]. The flutter of a beam under a compressive
force is well known as Beck’s problem [12,13,15].
Recently, Rezazadeh et al. [16] have used piezoelectric actu-
ators to change system stiffness by applying different voltages.
The axial compressive force generated from piezoelectrics used
in the beams affects critical piezoelectric voltage, which leads
to instability. This phenomenon is also studied by Rezazadeh
et al. [12].
Now, we focus on the modeling of flexible microbeams.
As the length and flexibility of a beam increase, its dynamic
modeling becomes more complicated in return. Hence, the
beam cannot be modeled as a linear Euler–Bernoulli beam.
Antman [17] and Nayfeh and Pai [18] have presented the
nonlinear 2D Euler–Bernoulli beam theory. Yang et al. [19] have
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investigated the flexible motion of a uniform Euler–Bernoulli
beam. They have derived fully coupled nonlinear integro-
differential equations, describing axial, transverse and rota-
tional motions of the beam using the extended Hamilton’s
principle. Zohoor et al. [20] and Zohoor and Khorsandijou
[21–23] have derived coupled nonlinear partial differential mo-
tion equations of an enhanced nonlinear Euler–Bernoulli beam
with flying support. This beam undergoes negligible elastic
deflections.
The present article deals with derivation of the motion
equations of nonlinear planar beamswith a non-zero centerline
strain. After introducing the nonlinear effects, i.e. the nonlinear
strain field, into our beam model, we proceed to obtain the
novel elastic potential field, containing some new terms, which
have been neglected in previous relatedwork [18]. In this paper,
we investigate some effects of these novel terms on the critical
piezoelectric voltage.
In this paper, by applying two asymmetric voltages to the
piezoelectric layers bonded on the surfaces of a cantilever and
a doubly-clamped microbeam, and considering the resulted
compressive piezoelectric force as a follower force, the critical
piezoelectric force for avoiding instability is calculated and
validated by the known buckling capacity of Beck’s column.
2. The equation of motion
The formulations are derived on the basis of the exact
complete Green–Lagrange strain tensor. The exact strain
implies that the elastic deflection is considerable within the
strain formulation. The complete strain implies that both linear
and nonlinear parts of the Green–Lagrange strain are included
in the formulations, and the elastic deflection of the cross-
section is considered to be large. Introducing ∆ as the elastic
displacement field, the strain is given by Eq. (1):
ϵij = 12

∂∆i
∂xj
+ ∂∆j
∂xi
+ ∂∆m
∂xi
∂∆m
∂xj

, (1)
where x1 = s and x2 = yˆ.
A planar beam undergoing large elastic deformations is
illustrated by Figure 1. Deformed and undeformed elements
of the beam are shown by Figure 2. Elastic deformation has
been expressed by three elastic coordinates, namely, u, v and
α, among which one holonomic constraint exists. FB and FS ,
respectively, denote the fixed and body coordinates, as shown
in Figure 1.
Noting Figures 2 and 3, the elastic displacement vector of a
representative point of a planar beam cross-section is given by
Eq. (2):
∆ =

u− yˆ sinα
v + yˆ cosα

=
 u−
v′
r
yˆ
v +

h
r
− 1

yˆ
 , (2)Figure 2: A deformed and an undeformed section in the planar beam.
Figure 3: Illustration of the rotation angle α.
where h = 1 + u′, r = √h2 + v′2, and the centerline strain, e,
is e = r − 1.
Considering the rotary inertia, the total kinetic energy of the
beam can be written as:
T = 1/2ρ
 L
0
{A(u˙2 + v˙2)+ Iα˙2}ds, (3)
inwhichρ, A and I are density, cross-sectional area and second-
moment of area, respectively. Thus, variation of the kinetic
energy, Eq. (4), has been obtained with the aid of integration
by part from Eq. (3):
δT = −ρ
 L
0

A

u¨ v¨
− − v′
r2
Iα¨
h
r2
Iα¨
′
δu
δv

ds
− ρ

− v
′
r2
Iα¨
h
r2
Iα¨
 
δu
δv
s=L
s=0
. (4)
Using the integration by part method, the variation of elastic
potential energy, Eq. (5), has been obtained:
δUe =
 L
0

Cupδu′ + Cuppδu′′ + Cvpδv′ + Cvppδv′′

ds. (5)
The coefficients of Eq. (5) are introduced in the Appendix. The
centerline strain of the beams is obtained from Eq. (6):
ϵ = r − 1. (6)
Assuming the centerline strain to be a non-zero constant, ϵ,
for bimorph piezo actuated beams, Eq. (6) can be rewritten as
Eq. (7):
u′ =

(1+ ϵ)2 − v′2 − 1. (7)
Considering Hamilton’s principle, the constraint, Eq. (7), and its
corresponding Lagrange multiplier, ϑ , Eq. (8) is obtained: t
0

δT − δUg − δUe + δWnc + δ (ϑ.(ϵ + 1− r))

dt = 0. (8)
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the work of non-conservative forces. Taking constraint Eq. (7)
into consideration, we reach the motion equation for bimorph
piezo-actuated beams:
A3 = −ρAg − ρAv¨ + ρI

α¨
h
′
−

v′
(1+ ϵ)2 − v′2
 L
x
(ρAu¨− q2)ds
′
+ q3
− EI(2+ 3ϵ(2+ ϵ))v
(4)
2(1+ ϵ)2 − 2(v′)2
− 2EI(2+ 3ϵ(2+ ϵ))v
′v′′v(3)
(1+ ϵ)2 − (v′)22
− EI(2+ 3ϵ(2+ ϵ))((1+ ϵ)
2 + 3(v′)2)(v′′)3
2

(1+ ϵ)2 − (v′)23
= 0. (9)
In Eq. (9), v(3) and v(4) are the third and fourth derivatives of v,
with respect to s. q2 and q3 represent, respectively, the axial and
transverse loads applied per length of the beam. In addition, E
is Young’s modulus. Ignoring the nonlinear terms and the effect
of rotary inertia, we can rewrite Eq. (9) as:
A3 = −ρAv¨ − EI(2+ 3ϵ(2+ ϵ))v
(4)
2(1+ ϵ)2 + Tp
∂2v
∂x2
= 0, (10)
where Tp is the end load due to the piezoelectric effect, i.e.
q2 = Tp∆(s− L).∆(s) denotes the Dirac’s delta function.
2.1. Verification of the equation of motion
It is to be noted that the main contribution to deriving
the equation of motion, Eq. (9), is due to the nonlinear terms
originated from the elastic potential energy, Ue, which leads to
a modification in the bending stiffness, Eq. (12). Therefore, all
novel terms in the proposed equation ofmotion are still present
in the equilibrium equation, i.e. static case. Hence, verification
of the corresponding equilibrium equation validates Eq. (9) as
well.
For inextensional beams we have ϵ = 0. Assuming q2 = 0
and using α = arctan v′/h as the only variable, the following
equilibrium equation for inextensional beams is obtained from
Eq. (9):
EI

α′′
cos(α)
′
= q3. (11)
In Figure 4, our presented inextensional equilibrium equation,
Eq. (11), is compared to the similar existing counterparts in
the literature [18,24]. To this end, a static clamped–free beam,
under a uniform external load, q3, is studied. Note that we have
numerically solved Eq. (11) with MATLAB software, using the
finite element method. The conventional Euler–Bernoulli beam
theory and ANSYS [25] nonlinear solution have been depicted
in Figure 4, as well. Despite the mentioned related works, the
results of the proposedmodel are a goodmatchwith the ANSYS
nonlinear finite element solution.
2.2. Strain dependency of the bending stiffness
Here, we would like to study the influence of the beam’s
centerline strain on the bending stiffness. Noting Eq. (10), weFigure 4: A clamped–free beam under a uniform external load, q3L
3
8EI = −0.5.
Figure 5: Nondimensional bending stiffness, BS(ϵ)/EI , versus strain of the
centerline.
define the coefficient of v(4) as the bending stiffness of a pre-
stretched beam, which is a function of ϵ,
BS(ϵ) = EI(2+ 3ϵ(2+ ϵ))
2(1+ ϵ)2 . (12)
Figure 5 demonstrates the bending stiffness as a function of
midplane strain. While pre-tension strengthens the beam by
increasing its bending stiffness, pre-compression softens the
beam by reducing its bending stiffness. However, the conven-
tional Euler–Bernoulli formulation cannot capture changes in
the bending stiffness as a function of the centerline strain. As
seen in the figure, it is worthy to note that bending stiffness is
more affected when a beam is compressed, rather than when it
is stretched.
3. Problem formulation
Figures 6 and 7 illustrate a cantilever microbeam with
length L, width b, thickness h, density ρ, and Young modulus
E. The microbeam surfaces are symmetrically covered by
two piezoelectric layers with thickness hp, density ρp, Young
modulus Ep, and equivalent piezoelectric coefficient e31. The
transverse deflection, v(x, t), is a function of the spatial variable
along the beam length, x, and time, t . Applying equal opposite
voltages, V , to the piezoelectric layers poled in the transverse
direction, results in a compressive mechanical stress on the
microbeam. The uniform distribution of piezoelectric layers
leads to a distributed piezoelectric force. This force can be
considered as an internal force with a constant value through
the beam length, such as in Beck’s problem.
3.1. Eigenvalue analysis
For investigating the effect of centerline strain on eigenval-
ues, free transverse vibration of the microbeam is considered,
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equivalent microbeam with an axial compressive force.
Figure 7: A vibrating piezo-actuated microbeam.
subjected to the follower force. The follower force, resulted by
applying piezoelectric voltage, is given as [16]:
Tp = −2bhpEz e¯31 = −2be¯31Vp, (13)
where Ez is the electric field in the piezoelectric layers. Then,
using Eq. (10), the governing equation for free transverse
vibration of the microbeam is expressed as:
⟨EI⟩ (2+ 3ϵ(2+ ϵ))
2(1+ ϵ)2
∂4v
∂x4
+ ⟨ρbh⟩∂
2v
∂t2
= Tp ∂
2v
∂x2
, (14)
where ⟨EI⟩ = EI + Ephbhp(h/2 + hp) and ⟨ρbh⟩ = ρbh +
2ρpbhp. The boundary conditions for a cantilever and a
clamped–clamped beam are given by Eqs. (15) and (16), respec-
tively,
v(0, t) = ∂v(0, t)
∂x
= ∂
2v(L, t)
∂x2
= ∂
3v(L, t)
∂x3
= 0, (15)
v(0, t) = v(L, t) = ∂v(0, t)
∂x
= ∂w(L, t)
∂x
= 0. (16)
For introducing a critical piezoelectric voltage, it is helpful to
obtain a nondimensional form of Eq. (14). To this end, using the
following nondimensional parameters:
vˆ = v
d
, xˆ = x
L
, tˆ = t
t∗
,
t∗ =

⟨ρbh⟩
⟨EI⟩ , Tˆp =
TpL2
⟨EI⟩ . (17)
Eq. (14) results in:
(2+ 3ϵ(2+ ϵ))
2(1+ ϵ)2
∂4vˆ
∂ xˆ4
+ ∂
2vˆ
∂ tˆ2
= Tˆp ∂
2vˆ
∂ xˆ2
. (18)In order to numerically solve Eq. (18), a Galerkin based
reduced-order model can be used. Therefore, vˆ(xˆ, tˆ) can be
decoupled into functions ϕj(xˆ) and Tj(tˆ) as:
vˆ =
j=N
j=1
ϕj(xˆ)Tj(tˆ), (19)
where ϕj(xˆ) is selected as the jth undamped natural mode
shape of the straight microbeam. By substituting Eq. (19) into
Eq. (18), multiplying by ϕj(xˆ) as a weight function in the
Galerkin method and then integrating the outcome from xˆ = 0
to 1, the Galerkin based reduced-order model for the first mode
is generated as:
Tϕ(iv) + T¨ϕ − TˆpTϕ′′ = 0. (20)
Electro-mechanical stiffness matrix, K , and Mass matrix,M , are
defined as:
K =
 1
0
ϕ

ϕ(iv) − Tˆpϕ′′

dxˆ, (21)
M =
 1
0
ϕ2dxˆ. (22)
In order to determine the nondimensional eigenvalues of the
microbeam for a given piezoelectric voltage, an eigenvalue
problem can be solved. Hence, by substituting T (tˆ) = a exp stˆ
into Eq. (20), the eigenvalues of the system can be obtained by
solving the following equation:
det(K + s2M) = 0. (23)
4. Discussion
Neglecting the strain dependency of the bending stiffness
of the microbeam, i.e. Eq. (12), results in BS(ϵ) = EI and
consequently Eq. (18) reduces to:
∂4vˆ
∂ xˆ4
+ ∂
2vˆ
∂ tˆ2
= Tˆp ∂
2vˆ
∂ xˆ2
. (24)
Carrying out the numerical eigenvalue analysis of Eq. (24) leads
to Figure 8 for a cantilever and a clamped–clamped beam.
As seen from Figure 8, nondimensional critical compressive
force for the cantilever and the clamped–clamped beam are
20.10 and 40.68, respectively. These values are in good agree-
mentwith those reported byRezazadeh et al. [12] andBeck [15].
Taking into consideration the effect of the beam’s centerline
strain on the bending stiffness, we have:
ε = Tp⟨EA⟩ = Tˆp
⟨EI⟩
⟨EA⟩L2 , (25)
where:
⟨EI⟩
⟨EA⟩L2 =
E
Ep
h3
12 + hhp

hp + h2

E
Ep
h+ 2hp

L2
. (26)
For practical applications, the height of the piezoelectric layer is
quite negligible, compared to the height of the beam, thus one
can simply assume that hp/h ≪ 1. Therefore, Eq. (26) is reduced
to:
⟨EI⟩
⟨EA⟩L2 ≃
E
Ep
h3
12
E
Ep
h

L2
= h
2
12L2
= 1
12

h
L
2
. (27)
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critical compressive force.
From Eqs. (25) and (27), one can conclude that:
ε ∝

h
L
2
. (28)
Figures 9 and 10 demonstrate the influence of the variation of
aspect ratio of the microbeam on the nondimensional critical
compressive force. From Figures 9 and 10, 3.5% and 1.5% re-
ductions in nondimensional critical compressive force for can-
tilever and clamped–clamped beams are observed, with respect
to changes in aspect ratio in Euler–Bernoulli valid region. It
should be noted that h/L = 10 is selected as the maximum ac-
ceptable limit range for Euler–Bernoulli beams [26,27]. For as-
pect ratios beyond the above limit range, one should consider
the shear strains effect, which is interesting for consideration
in future work.
5. Conclusions
The nonlinear partial differential equation of motion for
bimorph piezo-actuated Euler–Bernoulli beams was exposed.
To validate the derived model, a numerical solution of the
inextensional equilibriumequationwasplotted against existing
equilibrium equations in the literature. It was shown that the
novel equilibrium equation and, as a result, the correspondingFigure 10: A clamped–clamped beam: the effect of aspect ratio on the
nondimensional critical compressive force.
equation of motion has better predicted beam deflections.
Using the proposed model, the effect of nonlinear strain field
on the value of the instability voltage has been studied.We have
shown that the bending stiffness is affected by the strain of the
beam’s centerline. It was observed that the centerline strain
is proportional to the beam’s aspect ratio squared. Besides,
numerical results show that a reduction of 3.5% and 1.5% in
nondimensional critical compressive force for the cantilever
and the clamped–clamped beams is predicted, respectively,
with respect to 10% changes in the aspect ratio.
The nonlinear equation of motion for pre-stretched Euler–
Bernoulli beams is derived. The effect of pre-tension and pre-
compression in Euler–Bernoulli beams is studied. It is shown
that compressive strain affects the bending stiffness much
more than tensile strain. Based on the derived equation, the
dynamic model of bimorph piezo-actuated beams, which is
accurate, yet simple, is then developed. Afterwards, the critical
voltage, which makes the piezo-actuated microbeam unstable,
is numerically investigated. It is shown that the strain of the
centerline is proportional to the beam’s aspect ratio squared.
Results show that the more the aspect ratio, the less the
critical voltage. In addition, it is illustrated that compared to the
cantilever microbeam, the doubly clamped microbeam is more
sensitive to changes in aspect ratio.
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energy, δU e
The coefficients of δu′ and δv′ of Eq. (5) are, respectively,
given by Eqs. (A.1) and (A.2):
Cup = 12EA(−1+ r
2)h
+ EJ(h
2 − (1− 3r2)(v′)2)h(v′′)2
2r6
+ EJ(−(4− 6r
2)h2 + (1− 3r2)r2)v′u′′v′′
2r6
+ EJ(2− 3r
2)h(v′)2(u′′)2
2r6
, (A.1)
Cvp = 12EA(−1+ r
2)v′
+ EJ((v
′)2 − (1− 3r2)h2)v′(u′′)2
2r6
+ EhJ((4− 6r
2)h2 − (3− 3r2)r2)u′′v′′
2r6
+ EJ(2− 3r
2)h2v′(v′′)2
2r6
. (A.2)
Similarly, the coefficients of δu′′ and δv′′ of Eq. (5) are,
respectively, given by Eqs. (A.3) and (A.4):
Cupp = −EJ(1− 3r
2)v′(v′u′′ − hv′′)
2r4
, (A.3)
Cvpp = +EJ(1− 3r
2)h(v′u′′ − hv′′)
2r4
. (A.4)
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